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It is argued that the noncommutativity approach to fully supersymmetric field theories on the 
lattice suffers from an inconsistency. Supersymmetric quantum mechanics is worked out in this 
formalism and the inconsistency is shown both in general and explicitly for that system, as well as 
for the Abelian super BF model. 



PACS numbers: 



o 
o 

(N 

< 

> 

m . 
o • 
o ■ 
cn ; 
o 
\o ■ 

o : 

. 

^ ■ 



X 



I. INTRODUCTION 

In supersymmetric theories on the lattice it is very 
useful to maintain exact SUSY invariance^, at least for 
some of the supersymmetry transformations (for a re- 
view see e.g. Q, 0|), in order to reduce fine-tuning in 
the continuum limit. A well-known obstacle against this 
comes from the failure of the Leibniz rule (the product 
rule of differentiation) for the difference operator on the 
lattice. The latter also spoils the Leibniz rule for the 
supercharges which is extensively used to write down su- 
persymmetric actions. 

D'Adda et al. |^|^|^ proposed an approach using non- 
commutativity between the bosonic and fcrmionic coor- 
dinates in a superspace representation. In this way the 
Leibniz rule for the supersymmetry transformations is 
restored and it is in principle possible to define fully su- 
persymmetric lattice actions in a straightforward way, 
merely copying what is done in the continuum. This 
method works for two supersymmetric algebras, namely 
twisted iV = £» = 2 and iV = D = 4. 

In this paper we will show that the approach can also 
be used to define supersymmetric quantum mechanics 
(SUSYQM, treated as an iV = 2 one dimensional super- 
symmetric field theory) on the lattice. With its minimal 
field content and its dependency on only one coordinate 
this system is the simplest toy model to test nonperturba- 
tive features of supersymmetry. SUSYQM on the lattice 
has been investigated in [^UQ keeping half of the su- 
persymmetries, whereas our approach aims at preserving 
the full supersymmetry nonperturbatively^. 

However, in the second part of the paper we will 
point to an inconsistency in the whole approach. Due 
to the noncommutativity, the supersymmetry transfor- 
mation of a given polynomial of fields (e.g. in the ac- 
tion) depends on the order of the fields in it. Since such 
a permutation does not change the term (as the fields 



^ Just like gauge invariance is kept in lattice gauge theories. 
^ A modification of the supersymmetry transformations yieldiu 



still (anti)commute), the definition of the supersymmetry 
transformation and hence the question whether a given 
expression is supersymmetry invariant is not unique. 



II. SUPERSYMMETRIC QUANTUM 
MECHANICS 

A. Brief Review in the Continuum 

The algebra of SUSYQM [l^ can be rewritten in a 
Majorana representation as 



{Qi,Qi} = {Q2,Q2}-2i7, 

{Qi,Q2} = 0, [H,Q,]^0 for z= 1,2, 



(1) 



where Qi and Q2 are two real supercharges and H is the 
Hamiltonian. A superspace representation of this algebra 
is given by 

H = dt, Qi^dgi+d'dt, Q2^de2+d^du (2) 
with Majorana Grassmann coordinates 6^ fulfilling 

{0\e^}^o, = [t,e']^o. (3) 

Having numerical simulations on the lattice in mind, we 
have moved to a Euclidean description. 
A Hermitian superfield 

(p{t,d\d^) = (l){t) + id^iji{t) + id^tP2it)+i9^d^D{t) (4) 

contains two real bosonic fields, and D, and two Majo- 
rana fcrmions "01,2 • The action of supersymmetric quan- 
tum mechanics is given by 



J dtd0^d0^[^D2<^Di'^> + iF{^)], 



(5) 



where F(^) is the superpotential. The superderivatives 
D12 are defined as 



(6) 



an exact lattice supersymmetry has been written down in 

lid , but to be practical needs to be expanded in powers of the 
coupling constant. 



Di = dgi - e^du D2 = 9, 
They satisfy the following algebra 

{Di,D^} = {D2,D2} = ~2du {Di,D2}^0, (7) 
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and aiiticommute with the supercharges. 

We take the superpotential to be = im<I>^ + 

jg^*, the choice ■^g^^ for the interaction term works 
fuUy analogously. After integrating out the Grassmann 
variables the action reads 

S = Jdt [^{dtcf>f - ^D^ - ^{^idt^Ji + ^2dt^2) 

The field D is nondynamical and using its equation of 
motion D = —m(j3 — g4>^ one arrives at the on-shell action 

/I 7J72 1 

By letting the supercharges act on the superfield $ it 
is a straightforward exercise to find the supersymmetry 
variations 5i = e^Qi and 82 = e^Q2 of the component 
fields, see Tabled Omitting the e parameters, the super- 
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TABLE L Supersymmetry transformations in the continuum. 
The same set of variations is valid for the (noncommutative) 
SUSY on the lattice replacing dt by A± according to llbl l. 

symmetry transformations of the component fields are 
denoted by Si, e.g. Si(j) = iipi- Since the supercharges 
obey the Leibniz rule, it follows that the latter also holds 
for the supersymmetry transformations sf. 

S^ [/1/2] = hfl] h + (-l)l^^l/lk/2], (10) 

where |/| is for bosonic / and 1 for fermionic /. 

Letting the supersymmetry transformations si and S2 
act on the action ©, the Leibniz rule is used to show 
that the Lagrangian is supersymmetry invariant (up to a 
total derivative). 

B. Definition on the Lattice 

In this section the noncommutativity approach to 
SUSY on the lattice (2b A is introduced by means of 
SUSYQM. Periodic boundary conditions will be assumed 
for all fields. 

Naturally, the derivative dt is replaced on the lattice 
by the forward/backward difference operator A-t 

A±/(i)=±^(/(i±2n)-/(t)), (11) 



where n corresponds to the shift of one lattice spacing. 
Why the difference is taken over two lattice spacings will 
become clear later. This difference operator does not 
obey the conventional Leibniz rule, but rather a 'modified 
Leibniz rule': 

A±[/i(0/2(i)] = [A±/i(i)]/2(t)+ 

(12) 

h{t±2n) [A±/2(t)]. 

Taking the lattice supercharges to be Qi — dgi + 6*' A± it 
is obvious that they do not obey the Leibniz rule either 
and a naive approach would run into problems defining 
supersymmetric actions on the lattice. 

The main idea of the noncommutativity approach is 
to introduce a noncommutativity between the bosonic 
and Grassmann coordinates of superspace'^ in such a way 
that both supersymmetry transformations e^Qi and e^Q2 
obey the normal Leibniz rule and then to proceed along 
the lines of continuum SUSY. 

When the lattice supercharges act on products of func- 
tions similar to Eq. 112|l , 6"^ has to be 'pulled through' the 
first function /i and this can be used to restore the Leib- 
niz rule for 0*A-|- if one demands 

e'f{t) = f{t - a,)0' ^ [t, 0'] = ai0' (no sum), (13) 

with ai = ±2n. However, this new relation implies an- 
other noncommutativity between dgi and t, with the op- 
posite sign 

[t,dgi] = —aidgi (no sum), (14) 

which makes it impossible to obtain the Leibniz rule for 
both terms in the supercharges at the same time. 

In contrast, the supersymmetry transformations e^Qi 
(no sum) can obey the Leibniz rule, provided the same 
noncommutativity is introduced for the variation param- 
eters 

[i, e'] = aje* (no sum). (15) 

Now the Leibniz rule is obvious for the terms e^dgi , while 
for the terms e^0^A± it leads to 2aj = ±2n. The corre- 
sponding Jacobi identities have been checked to give no 
further constraints. 

Altogether, the supercharges 

Q^^dei+0^A±, Q2^dg2+0^A±, (16) 

(with independent signs) fulfill the algebra 

{Qi, Qi} = 2A±, {Q2, Q2} = 2A±, {Qi, Q2} = (17) 



Interes tingly, a calculus with [a;^,dxv] ~ dxp has been worked 
out in II2I Il3i keeping the Leibniz rule for the discrete deriva- 
tive. It seems attractive to identify the supercoordinates 612 
with differentials dxi^2 (which are Grassmannians, too), but this 
introduces new coordinates xi^2- 
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with the same signs as in Eq. (|16|l . Their supersymmetry 
transformations e^Qi and e^Q2 obey the Leibniz rule, 
provided the noncommutativity relations ifT^ . (fTHl and 
(Unj) hold with 

ai = ±n, 02 = ±n, (18) 

again with the signs as in Eq. I|lt)|) . The Grassmannians 
6*' and still anticommute. 

Having a normal Leibniz rule for the supersymmetry 
transformations, we proceed to build a supersymmetric 
lattice action. We take the Hermitian superfield Q like 
in the continuum with t now labeling the lattice points. 
Acting with the supercharges on it, one immediately sees 
that Table is also valid on the lattice upon replacing 
dt by A-I-. But the noncommutativity shows up when 
moving the 6''s through the fields, e.g. 

$ = (f){t) ~ it/jiit - ai)0^ - i'ip2it - a2)0'^ 

(19) 

+iD{t-ai-a2)9^0'^, 

and especially when bringing the 0's to the left in the 
computation of the action. 

From 1)19(1 it can be seen that t — Ui = tzLn needs to be 
a lattice point, which is why we took the difference over 
two lattice spacings in Eq. l(TT)) . 

In order to construct the kinetic term for this multiplet, 
we use the lattice superderivatives 

Di^ dgi -0^A±, D2^ dg2 ~0^A± (20) 

with the signs as in Eq. H16|l and allow for a relative shift 
a in D2^Di^: 

n'^ I d0'^d0^]-D2^{t~ a)Di^{t) = (21) 
t 

I ^[A±0(i + ai - a)A±0(i) - D{t + - a)D{t) 
t 

-{Mt)^±Mt + Mt + ai + 02 - a)A±tl^2{t))]. 

This action is supersymmetry invariant for any choice of 
the shift a. 

At this point we invoke two physical arguments. When 
integrating out D later, it is desirable to have an equation 
of motion like D{t) = /[(/)] which comes out only if the 
corresponding term in the action reads D'^{t)/2, i.e. if 
the shift a is fixed to 02 (all other choices would lead to 
a nonlocal equation D{t + T)+D{t — T) = f[(p] with some 
T). 

Moreover, we wish to obtain a strictly positive ki- 
netic term (A(/)(<))^/2 for the bosonic component. This 
gives more constraints depending on the choice of the 
difference operators in H16|l . By virtue of A+/(t) = 
A- fit + 2n) and changes in the summation variable t 
all solutions to these constraints are equivalent to taking 
just the plus signs in Eq.s lO, (113, and (|2DJ). This 
leads to the following kinetic part of the action 

^5:[(A+0(i))2-i?2(t) 

-(V'i(i + rj)A+Vi(t) + i^2{t + n)A+^2{t))]. (22) 



Observe that the argument t + n oi the spinors ^/'i^2 is 
right in the middle of the two lattice points used in the 
difference operator. 

For the mass and interaction terms there seems to be 
no particular reason to introduce relative shifts and we 
find the lattice analogue of the continuum action (jHJ to 
be 

S = nY^[\{A^c,f -\d^ 

-i[V'i(t + n)A+Vi + n)A+ij2] 

-i[m + 33(^(2)] [V'i(< + n)il)2 - i^2{t + n)il)i]/2 

(23) 

where unshiftcd arguments {t) are not displayed for read- 
ability. We used 0*^°^ to abbreviate the lattice terms that 
converge to the corresponding powers 0" in the contin- 
uum limit 

0(i)(t) = [(/.(t + 2n) + 0(t)]/2, (24) 
0(2) (t) = [[0(i + 2n) + 4,{t + n)] [(t>{t + n)^ 4>{t)] 

+(t)'^{t + 2n) + (f)'^{t)]/&, (25) 
0(3)(t) = [02(^ ^ 2n) + 02(i)][0(t + 2n) + 0(i)]/4. (26) 

While the kinetic part of the lattice action 1(231) only dif- 
fers by one shift from the naive translation of the con- 
tinuum, the complicated structure of the (^'"''s is the 
nontrivial result of the noncommutativity approach and 
is needed for supersymmetry invariance to be discussed 
in Section lill Bl However, the arguments of the fields in 
the 0'^'')'s arc never shifted over more than two lattice 
spacings. 

Like in the continuum, the field D can be replaced 
by —171(1)^^^ — g4>''^^ ■ We will consider this action in 
slightly more detail now, in order to compare to ex- 
isting SUSYQM lattice actions. With Dirac spinors 

— {ipi + ii/'2)/\/2 it reads 

S""" = n^[i(A+0)2 + i(m0(i) -)-g0(3))2 (27) 
t 

-{pit + n)A+V - (m + 3g(j>^^^)i>{t + n)ip'^^'>], 

where the fermion enters the mass and interaction term 
in the form -i/)'^) of 1(241) . too. Without interactions we 
write the action in the bilinear form 

^°=o = nJ2[lmBu'm+mFu'Ht% (28) 
with the following bosonic and fermionic matrix: 

2 71^ 

+ b-l- + m''){St+2,t'+St-2,t'), (29) 
4 

Ftt' = l{--m)6t-i,t' + l:{---ni)St+i,t'. (30) 
2 n 2 n 
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The supersymmetry of the action expresses itself by the 
fact that B — F^F such that the corresponding deter- 
minants in the path integral cancel each other. 

It can straightforwardly be seen that in the noninter- 
acting case our action amounts to the one given in ^ 
by Eq. (2.18) putting r/a — — m, up to a relative minus 
sign for the ferniion terms'*. However, for the case of a 
^^-interaction that action gives a diagonal term coupling 
the fermions to (/)^, while in our case there will always be 
terms like (j){.)(j){.)ip{t ± n)^p{t). 

III. THE INCONSISTENCY 

A. The General Noncommutativity Approach and 
its Inconsistency 

In this section we will show that the noncommutativity 
approach to lattice SUSY suffers from an inconsistency, 
independent of the dimensionality of space-time and the 
number of supersymmetries. Before doing so, we first 
review the general formalism briefly. 

In higher dimensional spaces, like in the case of 
SUSYQM, the derivative operator 9^ is replaced on the 
lattice by the difference operator defined by 

A±^/(x) = (/(x ± 2n^) - /(x)) , (31) 

where corresponds to the shift of one lattice spacing 
in the /i-direction. Each A±p obeys the modified Leibniz 
rule (P|) . 

In a superspace representation with coordinates 
(x^, 6^^ the supercharges can generically be written as 

Qa - de, + ^f^^e^A^^, (32) 

where we have immediately moved to the lattice using 
A±^. The general SUSY algebra reads 

{Qa,Qs}-/;^bA±^. (33) 

In complete analogy to the case of SUSYQM the super- 
charges will not obey the Leibniz rule, but the variations 
Sa = £^Qa do, provided the noncommutativities 

[x, 0^] = SLAd"^, [x, e^] = a^e^ (no sum) (34) 

hold. The shift parameters (now vectors) ensure the 
Leibniz rule for the first term in Qa, while the second 
one imposes the following conditions 

SLA + as = ±2n^ for f^g ^ 0. (35) 

As before, the Jacobi identities are seen to give no further 
constraints. 



The authors of |3| have found a solution to these re- 
lations for the twisted N = 2 supersymmetry algebra 
in two dimensions as well as for the twisted = 4 su- 
persymmetry algebra in four dimensions. As explained 
above, the relations can also be satisfied for the N — 2 
supersymmetry algebra in one dimension. 

At this point one can proceed as in the continuum with 
building a supersymmetric action out of (chiral) super- 
fields. The superderivatives 

Da = de, ~ ^/^B^'^Ai^ (36) 
obey the algebra 

{Da, Bb} = -/^bA±^, {Ba, Qb} = 0. (37) 

The transformation rules tASA for the component 
fields (like in Table P) can be derived by comparing 
the ^-expansions of the superfields $i of the theory 
with their supersymmetry variations ^aQa^i or, 
equivalently, by doing the same with the superfields 
B a^ItB aBb^It ■ ■ (because the superderivatives and 
supercharges anticommute) . 

However, this noncommutativitiy approach is spoiled 
by an inconsistency. At the heart of it lies the fact that 
the supersymmetry transformations sa obey a modified 
Leibniz rule when acting on a product of (component) 
fields. This can be seen by evaluating the transformations 
of a product of fields 

/1/2 {fl + eASAfl){f2 + £ASAf2) 

= /1/2 + [eASAfi]f2 + fi[eASAf2] + 0{e^) 
= /i/2 + eASA[/i/2] + 0(e2) (38) 

This is the normal Leibniz rule for the supersymmetry 
transformations ^asa- For the transformations sa we 
bring ea to the left using H34|l . omit it, and obtain^ 

SA [/l(x)/2(x)] = 

(39) 

[sAhi^)] /2(x) + (-1)1^^1/1 (x + a^) [s^/2(x)] . 

Because the product /1/2 of component fields is equal 
to (— l)'^^"-''^'/2/i, one would expect the corresponding 
supersymmetry transformations to agree, too. However, 
because of the different shifts induced by e^, one gets 

SA [(-l)l^^ll^^l/2(x)/i(x)] = 

(40) 

[sa/i(x)] /2(x-f a^) + (-l)l/^l/i(x) [S^/2(X)] . 

This means that the supersymmetry transformations 
do not evaluate to the same expression when act- 
ing on the product /1/2 and the equivalent expression 



We follow the conventions of llll . 



A specific case of this formula, namely the supersymmetry trans- 
formation of the product of two particular fields in the lattice 
super BF model, has been written down in as Eq. (18). 
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(^—iyfi\\f2\j^j^^^ respectively. Instead, the difference of 
the two can be written as 

[5a/i(x)] (/2(x + a^)-/2(x)) 

(41) 

+ (-l)l/il(/i(x) - /i(x + a^)) [s^/2(x)] , 

which is not even a total difference, i.e. does not lead to 
a boundary term (in which case the difference would be 
irrelevant). 

Because all shifts are proportional to the lattice 
spacing, the ambiguity disappears in the continuum 
limit, but to keep exact supersymmetry at finite spacing 
remains a problem^. 

In the derivation we have taken the natural point of 
view that the supersymmetry transformations of all com- 
binations of component fields follow - via the Leibniz 
rule (|38|l - from the transformations of the individual 
fields, TablcQ] Having obtained an action and the super- 
symmetry transformations of component fields (plus the 
noncommutativity of t and e) one should be allowed to 
neglect the auxiliary superspace formalism. The lattice 
action resulting from this formalism is a particular dis- 
cretization of the continuum action, but the supersymme- 
try transformations have been shown to be inconsistent. 

Supersymmetry transformations of products of com- 
ponent fields derived from products of superfields, e.g. 
by 0-expanding and Sa^^, should agree with the ones 
used so far for consistency. If other supersymmetry rules 
for the products of component fields are obtained in this 
way, then an unacceptable memory to superspace is in- 
troduced and, what is more, products of fields are treated 
like new independent fields. 

Also in this approach we are able to derive the incon- 
sistency. Any of the superfields $i, Da^i, DaDb^i, ■ ■ ■ 
can be written as 

F^f + Y^e^'sBf + OiO^), (42) 

B 

because then e^QaF = e^SAf + 0{9) gives the correct 
supersymmetry transformation for /. This first compo- 
nent / runs over all component fields in the theory when 
taking all such superfields F. Now we consider the prod- 
uct 

Fi(x)^^2(x) = /i(x)/2(x) +5]^?^{[sb/i(x)]/2(x) + 

B 

(-1)1^^1/1 (x + aB)[sB/2(x)]} + 0(02)^(43) 



From the corresponding modified Leibniz rule for the difference 
operator one might be tempted to conclude that this operator 
suffers from the same problem, but its definition ±2nA-|- [/1/2] = 
[/1/2] {t ± 2n) — [fi f2] {t) is invariant under interchanging /i and 



the variation of which is given by 

e^gA[i^i(x)F2(x)] =e^{[sAh{^)]f2{^)+ (44) 
(-l)l^'^l/i(x + a^)[s^/2(x)]} + O(0). 

From the first components of H43I) and H44() we read off 
Eq. H39|) for the supersymmetry transformation of the 
product of any two component fields. 

In general, the product of two superfields depends on 
their order (because of the noncommutativity but 
the first component is always the same (up to a sign). 
Therefore, looking in the same manner at the variation 
of 

F2(x)^^l(x) = /2(x)/i(x) +^0^{[sb/2(x)]/i(x) + 

B 

(-l)l/^l/2(x + aB)[sB/i(x)]} + 0{e^) (45) 

and multiplying with the factor (— l)l/ill/2| one arrives 
at Eq. H4UI) for the supersymmetry transformation of 
the product of two component fields with the opposite 
order. Hence, the inconsistency is rederived, because it 
is the disagreement between (|39ll and (|4l)|) . 

As a consequence, there is an ambiguity in showing su- 
persymmetry invariance of lattice actions. Indeed, sup- 
pose starting with a term /1/2 in a lattice action S one 
can show supersymmetry invariance of this action, i.e. 
5^5* = 0. The same action will not be supersymmetry 
invariant when writing this term as (— l)'''^^"''^^'/2/i, be- 
cause now saS will be equal to a difference term of the 
form (|41|l . which does not vanish. Therefore, the non- 
commutativity approach is seen to be inconsistent. 



B. Explicit Calculation 

Supersymmetric Quantum Mechanics 

In this section we would like to demonstrate how the 
inconsistency emerges when checking the supersymmetry 
invariance of the proposed SUSYQM action We do 
this by explicitly calculating the supersymmetry varia- 
tion of the mass terms (which of course have to be in- 
variant on their own) . For the variation under Si one can 
group the four terms proportional to m into two pairs AI 
and N (which, however, get mixed under 62) 

M = D{t)(t){t)~i^:2{t + n)^i{t), (46) 
N = D{t)(j){t + 2n)+iMt + n)^2{t). (47) 

Using the Leibniz rule for 5i and the supersymmetry vari- 
ations of Table HI we get 

5iM = -eiA+V'2(t)</'(i) + iD{t)e^i!i{t) 

-ie^D{t + n)'tPi{t) + + n)e^A+0(t). (48) 
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Moving to the left results in two shifts (and a sign 
change) 

S^M = e^[-A+tlj2{t)(l>{t) +iD{t + n)Mt) 

-iD{t + n)%l)i{t) - %l>2{t + 2n)A+(j){t)] 

= -e^/:^+[Mmt)]- (49) 

Since the total difference vanishes under the sum over 
this term is supersymmetry invariant as it should. The 
various terms cancel as in the continuum. 

However, if we interchange D(t) and 0(t), which does 
not change M, 

M = (l){t)D{t)-iij2{t + n)i)i{t), (50) 

then induces different shifts leading to 

5iM = e\iilji{t)D{t)- 4){t + n)A+iP2{t) 

-iD{t + n)V'i(i) - V'2(i + 2n)I\+(j){t)] 
7^ • total difference. (51) 

Hence, written in this form, the term turns out not to be 
supersymmetry invariant. 

Actually, the other mass term N is not invariant as it 
stands, but 

N ^ (l){t^'2n)D{t)+iiji{t + n)i}2{t) (52) 

is. 

Since M — M and N ~ N (the fields are treated as 
(anti) commuting fimctions in a path integral), the defi- 
nition of the supersymmetry transformations of the mass 
terms is not unique, nor is the question whether (the sum 
of) these terms are supersymmetry invariant. 

Of course this problem does not occur for squares 
(like (A+0)^ in 123|) '). It can be checked that it neither 
appears for the kinetic term of the spinors (the second 
line in 1221 )• However, the ambiguity problem persists 
for the on-shell action (which is not just a sum of 
squares) because of the third line in (|23|l . which as a 
fermionic term does not change when integrating out D. 



The AbeUan Super BF Model 

As a second concrete example of the inconsistency, 
the Abelian super BF model in two dimensions is in- 
vestigated. This model has been formulated using 
twisted N — 2 supersymmetry in Paragraph 5.1 of j3| 
(the conventions of 3] are followed). In this algebra, 
there are four different supersymmetry transformations, 

1j 5.1 1 each with its own shift parameter, respectively 
a, a, ai , a2 . The relations (|35|l can in this case be solved 
and written as 

a + a + ai + a2 = 0, a + ai = ni, a-|-a2 = n2. (53) 



Following the noncommutativity approach the lattice 
action for the abelian super BF model is given by 

-^BF = ExW^ - a)e^^A+^tt;^(x + a^) 

+6(x - a)A_^tt;^(x + a,,) - ic(x)A+^A_^c(x) (54) 

+ip{x — a — a)A(x — a — a)}. 

The supersymmetry transformations for s are given in 
the table below^ and s obeys a Leibniz rule as in H39|l . 
with sla taken to be 2a (cmp. Eq. (18) in ^). 





S(j> 


6(x + a) 





0(x + a) 


jp(x + a -h a) 


(i>„(x + a„) 


A+,c(x) 


A(x + ai + a2) 




£(x) 


— i&(x + a) 


0(x + a) 


jp(x + a + a) 


p(x + a + a) 





c(x) 






TABLE II: The N — 2 twisted supersymmetry transformation 
s for the abelian super BF model, copied from Q. The fields 
above the line are bosonic, the ones below fermionic. 

Applying s to the action it follows that 

^'S'bf = Z^x bpi^ + a - a)e^^A+ptt;^(x + a^,) 
-|-^(x - a + 2a)e^,^A+^A+^c(x) 
+b(yi + a)A+^A_,,c(x) - 6(x + a) A+^ A_^c(x) 
-ip(x + a - a)epcr A+pW^(x + a^ - ai - a2 - a - a)] 

= 0, 

(55) 

where identities for the shift parameters and 
e^^A+^A+i, = have been used. In other words, 
the action seems to be invariant under the supersymme- 
try transformation s. 

Up to this point we agree with the authors of 3] . How- 
ever, interchanging the first two fields in the action, i.e. 



In the conventions of |3| the transformation s 'carries a shift', 
e.g. s5(x) = —ib{x + a), whereas the transformations Si in our 
conventions do not, e.g. si(f>{x) = i'ijji{x), Table0 This difference 
in convention is due to a different way of defining the superfield, 
compare Eq. (4.29) or (5.1) in with our Eo. iS 
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writing the action as 

Sbf = X! ['^A"'^+Mtt^i/(^ + ai/)0(x - a) + rest unchanged] 

(56) 

and applying the supersymmetry transformation s to this 
'new form' of the action leads to 

s^BF = Ex [eM-A+^A+,c(x)0(x - a) 
+e^t.A+^w^(x + a^ + 2a))?:p(x + a - a) 
+5(x + a)A+^ A_^c(x) - fe(x + a)A+^ A_^c(x) 
-zp(x + a - a)epcrA+ptj^(x + a^ - ai - a2 - a - a)] 

= Ex*P('' + a-a)- 

e^^A+^ (Wj,(x + a^ + 2a) - w^(x + a,.)) 

(57) 

Hence now the action appears not to be invariant under 
the supersymmetry transformation. 

Some Observations 

We would like to add some interesting observations. 
For the mass terms in supersymnictric quantum mechan- 
ics the two 'good' representations M and N, which are 
formally supersymmetry invariant, come from the super- 
field formulation without (anti)commuting fields on the 
way. This seems to be the general rule also for the in- 
teraction terms (then the second and third line of 1)23(1 
have to be modified accordingly). We conjecture that 
for all the terms that appeared in the noncommutativ- 
ity approach so far (above and in the literature), there 
exists a 'good' representation which indeed is formally 
supersymmetry invariant. 

After commuting fields one arrives at a 'bad' represen- 
tation, like M, which is formally non-invariant. However, 
when commuting fields in all terms of the sum one can 
obtain a 'good' representation again. For instance, 

M ^ (t){t)D{t) +iiPi{t)Mt + n) (58) 

which is obtained from the 'good' M by (anti)commuting 
the fields in both terms, is invariant again. We have seen 
an analogous effect in the interaction terms. 

In the sum M + M all terms occur completely sym- 
metrized (taking into account minus signs when flipping 
two fermions). This suggests to symmetrize every ex- 
pression before applying the supersymmetry transforma- 
tions sa to it, in order to be independent of starting with 
a 'good' or 'bad' representation (e.g. symmetrizing the 
'bad' M also leads to the 'good' ^{M + M)). On the level 
of the expression itself the symmetrization P is an iden- 
tity operation, but new supersymmetry transformations 



might be defined by sa = saP- They do not suffer from 
the mentioned inconsistency, but will modify A± on the 
, r.h.s. of the SUSY algebra and, moreover, inherit another 
inconsistency from P, namely when acting on 'composite 
fields' they yield sa[/i(/2/3)] ^ sa[/i/2/3]- Hence these 
formal manipulations do not remove the ambiguity in 
the supersymmetry transformations, but one might view 
them as indications that the noncommutativity approach 
will work in a more rigorous formulation. 



IV. DISCUSSION AND CONCLUSIONS 

We have presented the noncommutativity formalism to 
put supcrsymmetric quantum mechanics on the lattice, 
including masses and typical field-theoretic interactions. 
In the corresponding lattice action, Eq. (|23|) . the differ- 
ent powers of the bosonic field cf) come in very special 
combinations, see Eq.s (|24|) - (|26|l . 

At first sight the approach keeps all supersymmetries 
exact. Indeed, showing the invariance of the lattice ac- 
tion in terms of superfields (the analogue of Eq. O works 
as in the continuum (using the Leibniz rule of e^Qa)- 
However, we have pointed to an inconsistency, namely 
that the supersymmetry transformation of products of 
component fields is not uniquely defined. Therefore, the 
supersymmetry invariance of the lattice action in terms 
of component fields is ambiguous. We have shown this 
problem to be present in the noncommutativity approach 
in general and also demonstrated it extensively for (the 
mass term of) SUSYQM and the abelian super BE model. 
We have not considered the recent SUSY lattice gauge 
theories where there is a chance that the inconsis- 
tency is absent, because the link nature of the variables 
prevents one from naively interchanging fields. 

In our view the inconsistency is a remainder of the non- 
commutative algebra [t, e] ^ 0. This structure is some- 
what hidden in the action, which seems to contain only 
functions of ordinary numbers (integers) t as is very use- 
ful for numerical simulations. However, t cannot be just 
a number, as any number commutes with everything in 
any algebra. It seems to be the too naive treatment of 
(fields as functions of) the coordinates which spoils the 
definition of supersymmetry in such systems. 

A natural step to establish a more profound formalism 
would be to promote all objects to T x T-matrices (T be- 
ing the number of lattice sites) , to replace the sum over 
t by the trace and so on. We have tried to represent the 
component fields by diagonal matrices and e (and 6) by 
an off-diagonal one, in order to realize the noncommu- 
tativity. However, the supersymmetry variations turned 
out to be either trivially vanishing or to suffer from the 
same inconsistency. The only way out seems to be non- 
sparse matrices, which increases the number of degrees 
of freedom considerably (and slows down numerical sim- 
ulations) . 

An alternative route to follow could be to define a mod- 
ified product of fields, as is typical for functions over non- 
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